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Abstract. Bicliques are inclusion-maximal induced complete bipartite subgraphs in
graphs. Upper bounds on the number of bicliques in bipartite graphs and general
graphs are given. Then those classes of graphs where the number of bicliques is poly-
nomial in the vertex number are characterized, provided the class is closed under
induced subgraphs.

1. Introduction

Inclusion-maximal induced complete bipartite graphs are called bicliques.
This notion may be considered as a bipartite graph analogue of the notion
of clique (i.e. maximal complete subgraphs). Besides being rather natural,
investigating bicliques in graphs or bipartite graphs, and looking for bounds
on their number is interesting for two reasons. Firstly, they are the key struc-
ture in intersection bigraphs [5],[9],[12] in underlying graphs of intersection
digraphs [7], [13], and even in some other ‘geometrically defined’” graphs [3],
[6]. In most cases, some (few) bicliques encode most of the information about
the original structure. Therefore, generating all bicliques and sampling the
information seems a promising approach for recognition algorithms, as will
be shown in a subsequent paper for certain 2-path graphs and certain under-
lying graphs of line digraphs [11]. Secondly, finding a ‘largest’ (with respect
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to vertex or edge number or weight, for instance) induced complete bipar-
tite subgraph is trivially polynomial if the number of bicliques is polynomial
in the vertex number. For triangle-free graphs, this is just the well-known
problem of finding ‘large’ not-necessarily induced complete bipartite graphs,
see [4], problems GT24 or GT25.

Note that we even view edgeless graphs as complete bipartite graphs
K. Since therefore all maximal independent sets occur as partition sets
of bicliques, the concept may also be viewed as an extension of the notion
of maximal independent sets. However, for some applications we are only
interested in bicliques where both partition sets contain enough elements.
A biclique is said to have type >k if both partition sets contain at least k
elements (i.e., if the biclique contains K ).

Before outlining the contents of the paper, let us first introduce several
classes of graphs which play an important role in this paper:

1) The join G H of two graphs G and H is obtained from their disjoint
union by joining every vertex of G with every vertex of H by an edge. For
disjoint sets U and W, U« W denotes the complete bipartite graph with
bipartition U and W. Bicliques in G*H have either the form U; *Usy, where
Uy and Uy are maximal independent sets in G and H respectively, or they
are the bicliques of type >1 in G or H, respectively.

2) The cocktail party graph CP(j) of order j is obtained from the com-
plete bipartite graph K ; = jK*jK; by deleting some perfect matching.
Note that CP(3)=Cg, and that C' P(4) is just the ordinary cube graph. Let
V(CP(j)) ={ai,az,...,a4,b1,ba,...,b;} and E(CP(j)) = {asby, : i # p}. In-
duced bicliques of C'P(j) have just the form {a;:i€ I}J{b,:pe{1,2,...,j\[}
for subsets I of {1,2,...,j}. Therefore there are just 2/ of them.

3) The graph H (k, /)= kK #( K contains 2¢ induced bicliques, all of them
K}, ¢s. The graphs H(1,/) are known under the name friendship graphs.

We give examples in Figure 1. All graphs in this figure have 10 vertices.
CP(5) is bipartite with 2° =32 bicliques. H(2,4) contains 2% =16 bicliques
of type >2 and 4 further bicliques of type > 1. Finally, (K3UK>)*(K3UK>)
contains 2232 =36 bicliques of type >2, and 8 further bicliques of type >1.

In Section 2 we investigate the maximum number of bicliques in graphs
and bipartite graphs— as already mentioned, they are exponential in the
vertex number. In Section 3 we give bounds on the number of bicliques in
CP(j)-free bipartite graphs, respectively bicliques of type > k in general
CP(j)Aree and H (k,{)-free graphs, that are polynomial in the vertex num-
ber and only exponential in the constants j, k,¢. Such bounds are important,
since they are the reason why polynomial-time recognition algorithms for in-
terval bigraphs or interval digraphs [9], certain line bigraphs [12], underlying
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Fig. 1. The graphs CP(5), H(2,4), and (KsUK>3)*(K3UK3).

graphs of line digraphs of minimum degree high enough, or 2-path graphs
of graphs of high enough minimum degree [11] are possible. In all these
examples the algorithms include the generation of all bicliques whose type
exceeds a certain number.

2. Exponential bounds

Since the vertex sets of bicliques are distinct and noncomparable by inclu-
sion, Sperner’s Lemma implies an upper bound of (L"T/L? j) for the number of

bicliques in an n-vertex graph, which is approximately \/%2” by Stirling’s
formula. For bipartite graphs we can do much better:

Theorem 2.1. Every bipartite graph with n vertices contains at most
27/2 1.41™ bicliques, and the only extremal bipartite graphs are the graphs
CP(k).

Proof. Let B = (UUW,E) be bipartite, with w.l.g. |[U| < |W|. We may
generate all bicliques in the following way. Starting with any subset Z CU,
we look at Z' = (\,cz N(z) C W. Taking Z" = (\,cz N(y), Z" x Z' forms
a biclique in B. Obviously, every biclique X *Y occurs in this way, since
X'=Y and Y'=X then. Since there are 2V subsets of U, there are at most
21Ul <27/2 bicliques. Equality implies |U|=|W/|, and that all these bicliques
generated are distinct. Then Z#Y CU must imply Z’#Y”. Certainly Z CY
implies Z' DY”, therefore, in the case of 2/2 bicliques, the mapping Z — Z’ is
an anti-order-isomorphism between (P(U),C) and (P(W),C). This implies
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that for every z € U there must be some 2’ € W such that {z} =W\ {2'}.
Then we have B=CP(n/2). 1

In the nonbipartite case, 3/3 ~ 1.44™ bicliques, even of large type, are
possible, as can be seen by the graphs |m|Ksx|[m]Kjs (Slightly worse num-
bers are achieved by the graphs (K4U|m|K3)*[m]|K3 if n=1 mod 3, or by
(KoU|m | K3)x[m] K3 if n=2 mod 3). A compromise between the trivial up-
per bound 2" and the lower bound 1.44™ for the worst case is the following
bound, where surprisingly the golden ratio occurs:

Theorem 2.2. Every graph with n vertices contains at most
n®/2(1.618034" + o(1))
bicliques.

Proof. We count the number of bicliques of G containing a given edge xy.
We define U = N(y) \ N(z) and W = N(z)\ N(y), where w.l.g. |[U| <|W].
Every such biclique of type >2 must w.l.g. have the form (SU{z})*(TU{y})
with SCU and TCW.

Let U'U{z}*W’'U{y} be a largest biclique (with respect to number of
vertices).

Every further biclique SU{z} *TU{y} is uniquely determined by the
pair S\U’" and T\ W' as follows: Elements of SNU’ must be adjacent to all
vertices in T\ W', and nonadjacent to all vertices of S\ U’. We get

SnU'cU'n () Nw)\ |J N(u), and

weT\W’ ueS\U’
Tnw' cw'n () Nuw\ U Nw).
ueS\U’ weT\W'

Since every element of U’ is adjacent to every element of W', we get equality
in both cases.

Let us abbreviate A= L1/

= ToowT

and m=|[UUW|. We distinguish two cases:

Case 1. A\> % Then a rough estimate will do. The number of bicliques
containing the edge xy is at most

ANV IgWAW| — o(1=Nm < 92m/3 < 92n/3 ~, 1 5o7m

Case 2. A< % The number of bicliques containing the edge zy is at most

S <|U \ U'|> (W \ W’|>

a=0 b=0 a b
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(1) -y t

Ml <|U UW|—|U"U W/;)
t=0

by Vandermonde’s convolution. Note that the binomial coefficients occuring
are not too big. This is since the lower index is small if [U"UW’| is small,
and since the upper index is small if [U'UW| is large.

Let ¢y denote the value where the binomial coefficient on the right of (1)
is largest. Since A < %, the maximum value for the binomial coefficients on
the right of (1) is achieved for t=Am. The value of (1), i.e. the upper bound
for the number of bicliques containing zy is at most

(I—=X)m
Am( i )

By Stirling’s formula, this is approximately

\ (1—X)m (1 = XN)ym)(I=Mm
" 2rAdm (1 —2\)m (Am)A((1 — 2X)m)(1-20)m

m (1 — A)li)\ m
: \/%m) -

(1-x

The function

fA) = (1= 202
has derivative a 2)\)2
)= ln(m)f(/\),

which achieves its maximum for A= 5716/5 ~0.2764. The maximum value of
f is about 1.618034.

Both in case 1 and in case 2, there are at most

n
\/ 5=1.618034" + o(1
5 +o(1)

bicliques of G that contain the edge xy. Overall, there are at most
n5/2(1.618034™ +o(1)) bicliques in G. (Note that every biclique is counted
as often as its edge number, however taking care of that could improve the
bound only by a factor of n?/4.) |

A slightly different proof, yielding a slightly worse bound, goes as follows:
There are at most 2!Vl candidates for the set S\ {z}. (Actually only the
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independent subsets of U are candidates for S\ {z}. But if S; C S5 for such
bicliques S1¥T} and SoxT5, then there are further restrictions on 77—mnamely
it must contain some element of MN,cg, N(5) VW \Nseg, N(s).) For fixed S,
every T\ {y} must be a maximal independent set in the graph induced by
Nses N(s)NW. As a graph with at most |W| vertices, it contains at most
3IWI/3 maximal independent sets, by the MOON/MOSER result [8]. (This
part seems also improvable, since the sets (;cg N(s)NW must in general be
smaller than WW.) Therefore the number of bicliques of G of type >2 is at
most

Since there are at most n3(—1)/343n/3 remaining bicliques, we get an upper
bound of (n?+n+1)1.7" for the number of bicliques.

3. Polynomial bounds

Interval bigraphs contain only few bicliques, since Cs = CP(3) is forbidden
as an induced subgraph [9]. In trying to generalize this, let us consider
forbidden induced cocktail party graphs. For the bipartite case, we add the
requirement that 2K is only called a C'P(1) if its two vertices lie in different
bipartition sets.

Theorem 3.3. For every integer j, if the bipartite graph B = (UUW,E)
does not contain any induced CP(j), then it contains at most (|U||[W )7~}
bicliques.

Proof. The proof is by induction over j. The case j =1 is obvious, since
every C'P(1)-free bipartite graph is complete bipartite, and therefore has
only one biclique. So assume in what follows j > 2 and the validity of the
statement for j—1. When we refer to a biclique as U’'*W', we mean that U’
and W' are its vertices in U and W respectively.

We form the weighted intersection graph {2 of the set of all bicliques of
B. That is, the vertices of {2 are the bicliques of B, and two such vertices are
joined by an edge if the corresponding bicliques have nonempty intersection.
The edge is weighted by the number of vertices in the intersection. Then we
choose some maximum spanning tree 7" in (2. Let the bicliques Uy * W7 and
Uy« Wy be adjacent in T. W.l.g. U; #U,, and w.l.g. we can find ueU; \ Us.
By the maximality of Us*Wa, there is some w € Wa\ Wi not adjacent to u.

The union of N(u) and N(w) induces some bipartite graph, which we
call B(u,w).
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The graph (U;NUy)* (W1 NWs) is complete bipartite. It is not a biclique
in B, but we shall show that it is a biclique in B(u,w). Assume not, then
there is some biclique U’ * W’ of B(u,w) properly containing it, i.e. w.l.g.
UiNU, CU’ and WiNWo C W', Vertex u is adjacent to all vertices in W/, and
w to all vertices in U’. Therefore both (U'U{u})*W’ and U'x(W'U{w}) are
complete bipartite graphs in B, thus they are contained in bicliques C and
D of B, respectively. All three pairs (Uy «*W1,C),(C,D), and (D,Us x Ws)
have more vertices in common than Uy * W7 and Uy Wsy, a contradiction to
the maximum spanning tree property of T in 2.

Note also that B(u,w) is C'P(j — 1)-free—the union of every induced
CP(j—1) in B(u,w) and {u,w} would induce a CP(j) in B. By induction
hypothesis, there are at most (|U||W|)7~2 bicliques in B(u,w).

No distinct edges (Uy x W1,Us * Wa) and (Us * W3, Uy x Wy) of T can
result in the same pair (u,w) and the same biclique (U3 NUsz)* (W1 NWs) in
B(u,w). For, assume some do, and assume w.l.g. u € Uy,Us, and w € Wa, Wy.
Then U1 NU3 D UlﬂUQU{U}, WinWs D WinWsy, UsNUy O Up NUs, and
Won WD WiNWoU{w}. Then Uy «Wy and Usx W3, as well as Uy xWo and
Uy x Wy are joined by heavier edges in {2 than both pairs Uy x W1,Us x Wo,
and Uz *x W3, Uy x Wy. Now choose some shortest path Cy,C4,...,Cy on T,
connecting the edge (U *W1,Uy W) and the edge (Usx W3, UyxWy), w.l.g.
Cy = Uy * Wy. Deleting the edge (Uy x W1,Us * W3) and adding the edge
(Ug x Wo, Uy x Wy) in T would yield a spanning tree in {2 of larger weight
than 7', a contradiction.

Therefore different edges (UyxW7,UsxWs) in T have different encodings
(u,w, (U NU3) * (W1 NW3)). We may assume that B contains at least one
edge, therefore the number of edges of T is at most the number of possible
encodings, i.e. at most (|U||[V]|—1)(|U||V])I=2 < (|U||V|)’~! — 1. But the
number of bicliques of B equals the edge number of T' plus one, as desired. i

Corollary 3.1. Let a class I' of bipartite graphs be closed under induced
subgraphs. Then there is some polynomial f(n) such that every member
G=(V,E) of the class contains at most f(|V|) bicliques if and only if there
is some j €N such that CP(j)¢ I

Hence bicliques and cocktail party graphs have the same relation for
bipartite graphs, as cliques and generalized octahedra for graphs, see [1]
and [10].

Theorem 3.4. For all integers j,k, !, if G=(V, E) does not contain induced

CP(j)s and induced H (k,l)s, then G contains at most (k})2 (L‘;‘)Qk+2j+4£_2

bicliques of type > k.
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Proof. We count the number of bicliques of type > k containing a given
induced K}, with bipartition X and Y. Let the partition classes of such a
biclique be UUX and WUY. Let X’ denote the set of vertices outside X
adjacent to every vertex of Y but to no vertex of X, and in the same way
Y'=MNpex N(@)\Uyey N[y]- Then U C X" and W CY’, and UxW is a biclique
in G[X'UY’]. Moreover, U and W must be contained in one of the maximal
independent sets in X’ respectively Y’. Since H(k,¢) Z G, both sets X’ and
Y’ induce ¢Ko-free graphs. According to results in [1] and [10], the induced
subgraphs contain at most |X’|?* respectively |Y’|? maximal independent
sets. But for maximal independent sets A in G[X'] and B in G[Y'], since
AUB induces a C'P(j)-free bipartite graph, by Theorem 3.3 there are at most
(|A||B])’~! bicliques inside. Therefore, at most |X'|?“|Y”[2|AJ 1| BJ~! <
| X243~ y"|2+3 =1 bicliques of G contain this particular K} ;. Under the
restriction | X'|4+|Y”| <|V|—-2k, this function achieves its maximum for | X'|=
L‘V‘T_%j and |Y'| = ['V'T‘Q’“} By [2], there are at most (UV,L/QJ)(HVIL/QW) <

/,%,(%‘)2}C induced K} s in G, and the result follows. |

Corollary 3.2. Let I' be a class of graphs that is closed under induced
subgraphs, and let k be an integer. Then there is some polynomial f(n)
such that every member G = (V,E) of the class contains at most f(|V])
bicliques of type > k if and only if CP(j)and H(k,l) do not lie in I" for
some integers j and /.

4. Tricliques and so on

Vertices form a biclique in a graph G if and only if they are maximal with the
property that they induce the vertex-disjoint union of two complete graphs
in the complement G of G. Thus we may define a triclique in G’ as a maximal
vertex set inducing the vertex disjoint union of three complete graphs in G.
It has type >k if every one of these three complete graphs contains at least
k vertices. Tricliques lack applications like bicliques, but it seems likely that
the results of the paper carry over—only with three families of obstructions
now, namely Kj;;—jKs, kK;*CP(j), and K}, jx(K>. These graphs have
37,27, or 2¢ tricliques of type >k, respectively, for j,0> k.
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